CRITICAL SOBOLEV INEQUALITY AND ITS APPLICATION TO NONLINEAR EVOLUTION EQUATIONS IN THE FLUID MECHANICS (Harmonic Analysis and nonlinear Partial Differential Equations) by Ogawa, Takayoshi & Taniuchi, Yasushi
Title
CRITICAL SOBOLEV INEQUALITY AND ITS
APPLICATION TO NONLINEAR EVOLUTION
EQUATIONS IN THE FLUID MECHANICS (Harmonic
Analysis and nonlinear Partial Differential Equations)
Author(s)Ogawa, Takayoshi; Taniuchi, Yasushi




Type Departmental Bulletin Paper
Textversionpublisher
Kyoto University
CRITICAL SOBOLEV INEQUALITY AND ITS APPLICATION TO
NONLINEAR EVOLUTION EQUATIONS IN THE FLUID MECHANICS
TAKAYOSHI OGAWA ( )
$\mathrm{Y}\mathrm{A}\mathrm{S}\mathrm{U}\mathrm{s}^{\{}\mathrm{H}\mathrm{I}$ TANIUCHI ( )
1. $\mathrm{I}\mathrm{N}^{r}$]’ $\mathrm{f}\mathfrak{i}\mathrm{O}$ ]) $\mathfrak{s}|\mathrm{C}^{\mathfrak{k}}\mathrm{r}\mathrm{I}\mathrm{O}\mathrm{N}$
$()\iota\iota 11\mathrm{l}\mathrm{t}\mathrm{d}i_{1}\iota(\mathrm{O}\mathrm{l}1$( $\mathrm{C}1^{\cdot}11$ . in this nofe, is to discuss on $\mathrm{t}\mathrm{l}\iota \mathrm{c}$ uniqueness $1$ ) $\Gamma \mathrm{o}\mathrm{b}]_{(^{\mathrm{l}}\mathrm{n}}1$ for $\mathrm{t}11\mathrm{C}$ Navier-
$\mathrm{t}\mathrm{b}^{\backslash }\mathrm{t}\mathrm{o}\mathrm{k}\mathrm{t}\backslash ‘arrow$ equation and the Euler equations.
NVe firstly $\mathrm{c}\cdot \mathrm{o}n\mathrm{s}\mathrm{i}\mathrm{d}\mathrm{e}\Gamma$ the Navier-Stokes equation under auxiliary regularity assumption
to tbe solut ion.
(1.1) $\{$
$\partial_{t^{\{}}1+\{\iota\cdot\nabla\prime ll=-\nabla p\mathrm{t}\triangle\iota\iota+f\cdot$, $t>().x\in \mathbb{R}^{n}$ ,
cliv $n=0$ , $t>0,$ $x\in \mathbb{R}^{r1}$ ,
$’\iota\iota((), .\Gamma.)=?l_{()}(_{X)}$ .
By $\backslash \cdot \mathrm{i}\iota\cdot(11\epsilon 1$ of tlle energy $\mathrm{i}\mathrm{n}\mathrm{e}\mathrm{q}\mathrm{u}\mathrm{a}\mathrm{l}\mathrm{i}\mathrm{t}_{J}.\mathrm{V}$ associated with (1.1). i.e.,
$||(r,(b)||^{\mathit{2}}.‘ \mathit{2}+2.[^{t}()||\nabla pl(\mathcal{T})||^{\frac{.)}{\mathit{2}}}.\cdot(l_{\mathcal{T}}\leq||\}\mathit{1}_{\mathrm{t}})||^{2}‘arrow)\cdot$ $(\iota.e.$ $t>()$ ,
it is well known that there exists a $\mathrm{g}1_{0}\}_{)}\mathrm{a}1$ energy class weak solution (so called Lerey-
$\mathrm{H}_{0}\mathrm{I})\mathrm{f}\backslash$ weak solution) $?\mathit{1}\in L^{\infty}([().T];L^{2}\sigma(\mathbb{R}^{n}))\cap L^{2}(0_{\}T;\dot{H}1(\mathbb{R}\eta))$ . The natural regularity
for $\mathrm{I}_{\lrcorner}(^{\backslash }\mathrm{t}\cdot\dot{C}\iota.\mathrm{v}^{-}\mathrm{H}_{\mathrm{t}}])\mathrm{f}$ weak $\mathrm{b}_{\downarrow \mathrm{o}11\mathrm{t}}^{\tau}\iota \mathrm{i}\mathrm{o}\mathrm{I}\mathrm{l}\mathrm{S}$ is $\mathrm{t}$hen
(1.2) $\{l\in L^{\sigma}([0, T]\mathrm{t}. L\mathrm{t}/)$ . $\frac{2}{\sigma}\dashv-\frac{n}{(\mathit{1}}=\prime\prime\overline{2}$ . $2 \leq q\leq\frac{2n}{7?-2}$ .
$1’ 1_{1(^{1}1}111\mathrm{i}$( $1\iota \mathrm{t}‘ 111\mathrm{e}\llcorner \mathrm{b}_{\mathrm{t}}^{\urcorner}\mathrm{b}$ problem is then considered under the auxiliary $\mathrm{a}\mathrm{s}\mathrm{s}\mathrm{u}\ln_{1^{)\{}}$ i{)l\‘i on the one
of $\mathrm{t}1_{1)}‘ \mathrm{w}\langle_{(}^{)}1\iota\backslash \vee$ solution. The condition suggested $1$)$.\mathrm{v}$ Serrin is
(1.3) $u\in L^{\theta}([0, \tau]\backslash Lp)$ , $\frac{2}{\theta}+\frac{\prime 1}{\mathit{1})}=1$ , $r\iota<p$ .
See $()$flyajna $[‘ \mathit{2}2]$ , Serrin [28], Giga [15],
An interest ing problem is to consider the corresponding condition for the vorticity
$\cup\supset=1^{\cdot}\mathrm{o}\mathrm{t}u$ . By llle Sobolev embedding $\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}e\mathrm{l}\mathrm{n}$ , the corresponding condition to $|\nabla|^{\backslash ^{\backslash }}u$ is
(1.4) $|\nabla|^{r}?\iota\in L^{\theta}([\mathrm{o}, T];L^{p}\backslash )$ . $\frac{2}{\theta}+\frac{n}{\mathit{1}^{y}}=1+7^{\cdot}$ .
Those $\mathrm{c}\cdot 0\iota 1\mathrm{t}[\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{o}11_{\mathrm{t}}\mathrm{b}^{1},$ $(1.3)$ and (1.4) are $\langle$ $10,\mathrm{b}^{1}‘\backslash 1\mathrm{y}$ related to $\mathrm{t}l\perp \mathrm{e}\mathrm{e}\mathrm{s}\mathrm{t}\mathrm{i}\mathrm{m}\partial J\mathrm{t}(^{1}$ for $\mathrm{t}\mathrm{l}1(^{\backslash }$ bi-linear
$\mathrm{f}\mathrm{o}\mathrm{r}\mathrm{l}\mathrm{l}\iota$ induced from the nonlinear 1 $(^{\mathrm{Y}}\Gamma 1\iota 1(1\ell\cdot\nabla\iota), n’)$ . Recent research $\mathrm{f}\mathrm{o}\iota\cdot \mathrm{e}_{1}\backslash ^{}\mathrm{t}\mathrm{i}\mathrm{l}\mathrm{n}\mathrm{a}\mathrm{f}|\mathrm{i}_{1\mathrm{l}}\mathrm{g}$ this
$\uparrow_{\mathrm{C}\mathrm{r}\perp \mathrm{t}}1$ develops both the regularity theory and decay $1$ ) $1^{\cdot}\mathrm{o}\mathrm{b}\mathrm{l}\mathrm{e}\mathrm{m}\mathrm{s}$ for the Navier-Stokes sys-
$\mathrm{t}\mathrm{t}^{\mathrm{Y}}111$ . $\mathrm{A}111\mathrm{O}11_{b}^{\mathrm{c}}$) others, Chanillo $\mathrm{t}\mathrm{O}\mathrm{l}\mathrm{l}\mathrm{s}\backslash \mathrm{i}\mathrm{c}\mathrm{l}\mathrm{e}\mathrm{r}e\mathrm{c}\mathfrak{j}$ the $\mathrm{b}\mathrm{i}$-linear estiniate in [8] $1)$ a real analytical
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$\arg_{\mathrm{U}\ln}\mathrm{e}\mathrm{n}\mathrm{t}$ . $\prime \mathrm{r}\mathrm{h}\mathrm{i}_{\mathrm{S}}$ result essentially extracled a better regularity from $\mathrm{t}l_{1}\mathrm{e}$ nonlinear cou-
pling. more precisely the estimate saves a logarif $l_{\mathrm{l}}\mathrm{n}\mathrm{l}\mathrm{i}\mathrm{c}$ singularity for the solutions and in
fact, it was applied to the regularity problem to the $1\mathrm{l}\mathrm{a}\mathrm{l}\cdot \mathrm{m}\mathrm{o}\mathrm{n}\mathrm{i}\mathrm{C}$ map on $\mathrm{t}$he sphere (see
e.g., [12], [13] $)$ . By an elegant proof, $\mathrm{c}\mathrm{o}\mathrm{i}\mathrm{f}11\iota_{\subset \mathrm{l}}‘ \mathrm{n}-\mathrm{L}\mathrm{i}\mathrm{o}\iota 1:\backslash ,-\backslash \wedge\iota_{\mathrm{a}.\mathrm{y}\mathrm{e}}\mathrm{r}$ -Semmes [9] $\iota \mathrm{c};1_{1\mathrm{O}}\mathrm{W}\epsilon\backslash \mathrm{d}$ the $\mathcal{H}^{1}$
$\mathrm{r}\mathrm{e}\mathrm{g}\mathrm{u}\mathrm{l}\mathrm{a}\mathrm{r}\mathrm{i}\{\mathrm{y}$ of the nonlinear coupling $u\cdot\nabla u$ for $\mathrm{t}1_{1}\mathrm{e}$ Leray-Hopf $\mathrm{t}‘,0\backslash 1\iota 1(\mathrm{i}\mathrm{o}\mathrm{l}\mathrm{l}$ . This showed that
the nonlinear term has a better regularity becanse of its special $\mathrm{a}\mathrm{l}\mathrm{g}\mathrm{e}\mathrm{t}$ ) $\mathrm{r}\mathrm{a}i\mathrm{c}$. structure by
divergence free-rotation free coupling. In fact. for the 2-dimensional case, $u\cdot\nabla u\in \mathcal{H}^{1}$
and since Leray-Hopf solution belong to $H^{1}$ and hence in BAIO. the coupling $(n\cdot\nabla \mathrm{t}l,$ $u\mathrm{I}$
makes its sense. Then it is developed to the regularity $1$) $\mathrm{r}\mathrm{o}\mathrm{b}\mathrm{l}\mathrm{C}\mathrm{l}\iota 1\mathrm{i}\mathrm{l}1$ a different setting in
the Besov spaces ([14], [6]) and to the decay $\mathrm{I}$)$\mathrm{r}\mathrm{o}\mathrm{b}\mathrm{l}‘$ ) $\mathrm{n}\mathrm{l}$ in the Hardy space corresponding
to the $L^{p}$ where $p\leq 1$ by $\mathrm{M}\mathrm{i}\mathrm{y}\mathrm{a}\mathrm{k}\dot{\mathfrak{c}}\mathrm{l}\mathrm{w}p\mathrm{i}[‘ \mathit{2}1]$ .
Our attention here is devoted to the uniqueness condition in terms of the $\iota^{r}01^{\cdot}\mathrm{t}\mathrm{i}\mathrm{C}^{\cdot}\mathrm{i}\mathrm{t}\mathrm{y}$ .
In views of $\mathrm{f}$he above conditions, for example, $\nabla n\in L^{1}([(), T];L^{\infty})$ is considerecl as the
limiting case of the uniqueness condition. On the otIler hand, from the observation of the
break $\mathrm{e}1_{\mathrm{o}\mathrm{W}}\mathrm{n}$ condition to the Euler equation (1.5),
(1.5)
it is meaningful to control the situation in $\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{I}\mathrm{n}^{\iota_{\grave{\backslash }}}$ of $\mathrm{t}1_{1}\mathrm{c}^{\mathrm{Y}}$ vorticity of fluid, $\mathrm{t}\cdot(\mathrm{f}\mathit{1}\mathit{1}(t)$ . In $\mathrm{t}11\mathrm{C}$
celebrated result by $\mathrm{B}\mathrm{e}\mathrm{a}1eJ-\mathrm{K}\mathrm{a}\mathrm{t}_{0}$ -Majda[2], the solution of the $3\mathrm{D}$ Euler $\mathrm{Q}(1^{11\mathrm{a}\mathrm{t}\mathrm{i}11}0$ is $\mathrm{s}\mathrm{h}\mathrm{o}\backslash \mathrm{V}\mathrm{n}$
to be regular under rot $u(t)\in L^{1}([().T];L^{\infty})$ . This result is extended into the slightly
larger class of condition by Kozono-Taniuichi [19]. $\mathrm{T}11()$ corresponding $1\iota \mathrm{n}\mathrm{i}(1^{1}\mathrm{e}11\mathrm{e}\iota \mathrm{b}^{\backslash }\mathrm{S}$ result.
however, seellls to have a difficulty, since $||\nabla\eta\rho||_{\infty}$ can not be controlled onlv by $||\omega||_{\infty},$ . We
$\mathrm{i}\mathrm{n}\mathrm{t}_{\mathrm{l}\mathrm{O}}\mathrm{C}\mathrm{l}\mathrm{t}\mathrm{l}\mathrm{C}\mathrm{e}1_{1^{\mathrm{Y}}\mathrm{r}\mathrm{e}}$‘ a possible substitution $||\omega||_{B\Lambda IO}$ to $||\nabla?r||_{\propto\}}$ and generalize tlte $\mathrm{s}_{\mathrm{t}}\mathrm{i}\iota \mathrm{u}(\mathrm{t}\mathrm{i}_{0}\mathrm{n}$ in
$\mathrm{t}_{\mathrm{G}\mathrm{r}}1\mathrm{n}\mathrm{s}$ of $\mathrm{t}$he Besov spaces.
2. $\mathrm{U}\mathrm{N}\mathrm{I}\mathrm{Q}\mathrm{U}\mathrm{F}\lrcorner \mathrm{N}\mathrm{E}\mathrm{S}\mathrm{S}$ FOR THE $\mathrm{N}\mathrm{A}\mathrm{I}\mathrm{F}_{\lrcorner}\mathrm{R}-\mathrm{S}\mathrm{T}\mathrm{o}\mathrm{K}\mathrm{r}\prec \mathrm{s}^{\backslash }\lrcorner$ EQUATION
Before preseIlting our result, we recall some notations and definition of the Besov $\mathrm{s}$ ]) $\mathrm{a}(.\mathrm{e}\mathrm{S}$
$(\mathrm{c}\cdot.\mathrm{f}., [31])$ . Let $\phi_{j}j=0,$ $\pm 1$ . $\pm 2,$ $\pm 3,$ $\cdots$ be the Littlewood-Payley $\mathrm{c}\mathrm{l}.\mathrm{v}$adit. $(\mathrm{f}\mathrm{e}\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{l}\mathrm{I}^{)\mathrm{O}}\mathrm{s}\mathrm{i}\mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{I}1}$
$\mathrm{s}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{S}\mathrm{f}_{\}^{r}}.\mathrm{i}\mathrm{n}\mathrm{g}\hat{\phi}_{j}(^{c}\backslash )=\phi(2^{-j}\xi)$ and $\sum_{j=-\infty}^{\infty}\emptyset j(\xi)=1$ except $\xi=0$ . We put a smooth ( $\mathrm{t}\mathrm{l}\mathrm{t}$ off to
fill the origin $\psi’\in S(\mathbb{R}^{n})$ with $\mathrm{v}’’(\xi)\wedge\in C_{()}(\infty(B_{\mathrm{l}})\mathrm{s}n\mathrm{c}\cdot 1_{1}$ that $\Downarrow|\sim+\sum_{j=0}^{\infty}\mathrm{C}\hat{\rho}j(\xi)=1$ .
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Definition The homogeneous Besov space $\dot{B}_{p,\rho}^{s}=\{f\in S;||f||\dot{B}_{p,\rho}^{6}<\infty\}$ is introduced
by $\mathrm{t}$he $\mathrm{n}\mathrm{o}\mathrm{r}\mathrm{t}\mathrm{l}$
$||f||_{J\dot{\mathit{3}}_{P\cdot/}^{\sim}}’=( \sum\infty||2^{j\backslash }.\phi_{j}*.f||l^{1}/))^{1}/\rho’$. $\cdot$ .
$j—\infty$
for $.\zeta,,$ $\in \mathbb{R},$ $1\leq p,$ $\rho\leq\infty$ and $\mathrm{t},1_{1}\mathrm{e}$ inhomogeueous Besov $1‘\backslash ’\iota)_{\subset}.1c\mathrm{e}(‘,\mathrm{i}\backslash \mathrm{I}\mathrm{n}\mathrm{i}\mathrm{l}\mathrm{a}\mathrm{l}\cdot \mathrm{l}\mathrm{y}$ defined by
$||.f||_{B_{p}^{\mathrm{S}}}.= \rho(||\psi*.f||_{p}^{\rho}+\sum^{\infty}||2^{j}s\psi_{j}*f|j=()|_{p}\rho)1/\rho’$ .
Theorem 2.1 (Uniqueness for $\mathrm{N}\mathrm{a}\mathrm{v}\mathrm{i}\mathrm{c}\mathrm{l}\cdot- \mathrm{s}\mathrm{t}\mathrm{o}\mathrm{k}‘ 1\iota \mathrm{t},$ $[24]$ ). $L$et $\tau\iota$ and $\tau\iota\sim$ be th $\epsilon$ ) $L\mathrm{t}^{\mathit{3}}7^{\cdot}ay$-Hopf $u$)$cak$
$\iota\backslash ^{\backslash }ol_{\mathrm{t}}\iota tjon_{\backslash }\backslash f(t\cdot$ the $NaviCl\cdot-st,\mathit{0}kes$ systern $\prime nJ’ith$ the same initial data $\tau/0$ rvith $th,\mathrm{c}i$ same i7li-
fial ($]_{}ota(\ell \mathrm{t}\mathrm{J}\cdot$ Suppose that the $vo7^{\cdot}t\uparrow \text{ }city\omega$ for one of the solutio $7|_{\text{ }}soti_{\wedge}^{\sigma}jfie.\mathrm{s}$ rot $\uparrow=\omega\in$
$L(1()\mathrm{g}L)^{/0}1\rho’([0.T];\dot{B}\infty,\rho),$ $1\leq\rho\leq\infty$ and the other solution $\tau\iota\sim$ satisfies th, $eene\uparrow g.y$ inequal-
$i,ty$
$|| \tilde{u}(t)||_{2}2+2\int_{\{)}ll||\nabla l\sim(\tau)||^{2}‘ \mathit{2}d\mathcal{T}\leq||u_{0}||_{2}$ .
The $7|\iota/=\mathrm{t}l\sim$ .
${\rm Re}(_{\zeta 111\mathrm{i}_{1}}‘\mathrm{f}1_{1\langle}\backslash \mathrm{e}\coprod 1\iota)\mathrm{C}^{)}(1\mathrm{d}\mathrm{i}\mathrm{n}\mathrm{g}$ relation $B\mathbb{J}IO(\mathbb{R}^{n})\subset\dot{B}_{\infty,\infty}^{()}(\mathbb{R}’\})$, we $1_{1}\mathrm{a}\mathrm{v}\mathrm{e}$ ;
Corollary 2.2 ( $\mathrm{l}\mathrm{i}\mathrm{l}\iota \mathrm{l}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{n}\mathrm{g}$ vorticity ( $(11\mathrm{c}\iota \mathrm{i}\mathrm{t}\mathrm{i}_{011})$ . $L$et $\mathrm{t}l$ and $\tilde{\tau\iota}b\epsilon’$ the) $Lt^{\backslash }\prime ay$-Hopf weak solu-
tion,.$\mathrm{b}^{\backslash }for$ the $Na^{l}ni,C7^{\cdot}$-Stokes systcm $u’ iththc$ same $i7titial$ data $u_{0}$ . $Su\chi_{J}posC$ that the $vo7^{\cdot}ticity$
of the on$(’$ of the solution $?\iota.\mathrm{s}af\dot{\uparrow \text{ }}.9.h\mathrm{c}2..9$ rot $u=\omega\in L(\log L)1//)’([0.T];\dot{B}\epsilon)l^{)},\rho w\uparrow,th.\mathrm{s}=??/p$
and $1\leq l$) $./$) $\leq\infty$ . $ar\prime\prime f$ the $ot,h_{\mathrm{C}’\prime}\cdot.\backslash ol_{\text{ }}nt\dot{?}0\gamma 1?J\sim.\backslash of\rho_{y}.\mathrm{s}fi_{\text{ }}e.9$ the $e\prime ner.(/yi\prime Cqu(rl_{I}i,f.\nu$
$||^{\sim} \tau\iota(t)||_{2}^{2}‘+2.\int_{(}^{f}).l||\nabla ll(\sim \mathcal{T})||^{2}2(\tau\leq||ll_{0}||_{2}$ .
Ther’ $n=\prime\prime\sim$ . $P_{9}^{\urcorner},\iota pc$ ( $\dot{\uparrow}a\iota\iota_{\nu},$ $i,f$ rot $n\in L(\log L)([\mathrm{t}),$ $T]$ ; BAIO) $thc7’,$ $?l=\tilde{u}$ .
In $\mathrm{f}_{(\iota \mathrm{t}}\cdot \mathrm{t}$ . for $\mathrm{t}1\mathrm{l}(^{\backslash }\mathrm{I})_{\dot{\epsilon}}\tau \mathrm{r}\mathrm{f}\mathrm{i}\mathrm{C}\gamma 1\mathrm{r}\mathrm{e}\mathrm{g}_{\mathrm{l}1\dot{\zeta}1\mathrm{r}}\mathrm{i}\mathrm{t}\mathrm{y}1^{)1\langle)}1)1\mathrm{e}111,$ $\mathrm{B}\mathrm{e}\mathrm{a}\mathrm{l}t)-\mathrm{K}\mathrm{a}$ [(-Majda[2] showed that the so-
lution of $\iota_{\lrcorner}^{\urcorner}n1_{\mathrm{t}^{1}\mathrm{r}}$ equation is regular if rot $\mathrm{t}J,$ $\in L^{\perp}([\circ, T];L\infty)$ . In this case. the vorticity
rot $v=\omega(^{\tau}‘ \mathrm{d}11$ dominate $||\nabla u||_{\infty}$ via $\mathrm{t}$he Bio-Savart law with aid of extra regularity as-
$1\zeta;\mathrm{u}\iota 1\mathrm{l}\mathrm{P}\uparrow \mathrm{i}\mathrm{t})11$. (see also Ponce [27] an(1 Kozono-Taniuchi [19] and $\mathrm{V}\mathrm{i}\mathrm{s}\mathrm{l}_{1}\mathrm{i}\mathrm{k}[32]$). In our case.
$\mathrm{h}_{0\backslash \nwarrow^{7}\mathrm{C}1^{r}}\backslash 1^{\mathrm{J}}\mathrm{r}\mathrm{t}\mathrm{l}\iota \mathrm{e}$ regularity can be covered $\}_{)}\mathrm{y}$ the viscosity of the equation.
3. $\mathrm{T}\mathrm{f}\mathrm{I}\mathrm{I}^{\urcorner},\lrcorner \mathrm{E}l^{l}[\lrcorner[\{\urcorner J\mathrm{R}$ EQUATION
The $\mathrm{g}\mathrm{l}\mathrm{o}\mathrm{I}$ ) $‘ \mathrm{a}1$ existence in $\mathrm{t}\mathrm{i}_{1}11\mathrm{e}$ solution for $\mathrm{t}11\mathrm{C}$ Euler $‘ 1(1^{1_{C}\iota}\prime \mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{n}}(1.5)$ in $\mathbb{R}^{2}$ is known by the
result of $\mathrm{Y}n\mathrm{c}\mathrm{l}\mathrm{o}\mathrm{V}\mathrm{i}\mathrm{C}^{\cdot}l_{1}[3‘ 3]$ for $\omega\in L\mathrm{J}\cap L^{\infty},$ $\mathrm{D}\mathrm{i}_{\mathrm{I})}\mathrm{e}\mathrm{r}\mathrm{n}\mathrm{a}-\mathrm{h}\mathrm{I}\mathrm{a}.|\mathrm{d}\mathrm{a}[10]$ for $\omega_{0}\in_{-}L^{1}\cap L^{p}$ and Chae
[7] for $\omega_{()}\in L^{1}\cap L\log L$ . In $1)_{\dot{\zeta}}11^{\cdot}\mathrm{t}\mathrm{i}(n1\mathrm{r}$, bv $\dagger 1_{1\mathrm{e}}$ a priori estimate for rot $\prime J(t)$ ill $L^{\mathit{2}}‘\cap L^{\infty}$ . it
is known $\mathrm{t}1_{1i)}\mathrm{t}\mathrm{t}$he solution in the $\mathrm{t}$ lass $\omega(t)\in L^{1}\cap L^{\infty}$ is unique ([33]). $\mathrm{T}1_{1}\mathrm{i}\mathrm{s}$ uniqueness
$\mathrm{r}^{1}‘ 1^{\backslash }‘,n]\mathrm{f}$ was extended into the case when $\mathrm{t}\}_{1(}$) unbounded vorticit,.$\mathrm{v}$, case in [34] in the case
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of bounded domain. We present here a sligl$1t1\mathrm{y}$ different uniqueness result than the result
in [34].
Theoreni 3.1 (Ulli( $1^{n}\mathrm{e}\mathrm{n}\mathrm{e}\mathrm{s}\mathrm{s}$ for Euler [24]). $L\mathrm{t}’t?l$ and $l\iota\sim$ be a $\prime w()ak.‘ i(\iota 1t/07\iota.\backslash for$ the $Eul$er
equation $ir1L^{\infty}(\mathrm{o}, \tau_{:}H_{\sigma}1)$ . $Snpp_{\mathit{0}}.\mathrm{s}etf$ ) $\mathrm{C};,t\mathrm{o}nc$ of $t\mathit{1}\iota csoluti_{\mathit{0}}m\mathrm{s}.\mathrm{s}atl..9fi$es rot $\prime n$ $\in$
$L(\log L)^{1}/2(\mathrm{t}).\tau;\dot{B}0\infty.\infty),$ $th_{C\gamma l}1l=\uparrow l\sim$ .
$\mathrm{T}1_{1}\mathrm{e}$ condition of the above theorem is realizable if $\mathrm{w}\mathrm{t}^{\backslash }\mathrm{a}\mathrm{s}\mathrm{S}n\mathrm{l}\mathrm{n}‘$ ) that $\nabla\omega_{()}\in L^{2}(\mathbb{R}^{2})$ .
Note that this ( $.011\mathrm{d}\mathrm{i}\mathrm{t}\mathrm{i}_{0}\mathrm{n}$ does not necessarilv $\mathrm{i}\mathrm{n}\mathrm{l}1$) $1\mathrm{i}_{\mathrm{C}}.\mathrm{h}’\omega_{0}\in L^{\infty}\mathrm{w}\mathrm{l}\iota \mathrm{i}$( $]\mathrm{l}$ is tlle uniqueness
condition obtained by $\mathrm{Y}\iota\iota \mathrm{d}\mathrm{o}\mathrm{v}\mathrm{i}\mathrm{C}\mathrm{l}\mathrm{l}[33]$ . The resnlt $l\iota \mathrm{a}_{\iota}\mathrm{S}$ a slight $\mathrm{e}\mathrm{l}\mathrm{i}\mathrm{f}\mathrm{f}\mathrm{e}\mathrm{r}\{\supset 1\iota \mathrm{c}\cdot(^{1}$ on the $1^{\cdot}()(\cap r1\iota \mathrm{l}\mathrm{a}\mathrm{r}\mathrm{i}\mathrm{f}.\mathrm{v}$
$\mathrm{a}\mathrm{s}\mathrm{s}n111\mathrm{I}^{)}\mathrm{t}\mathrm{i}\mathrm{o}11\mathrm{O}\mathrm{l}1\mathrm{t}\iota 1\mathrm{e}$generalized solution of $\mathrm{t}l1$ ( Euler equat ions. $\mathrm{S}\mathrm{i}\mathrm{n}\mathrm{C}^{\cdot}\mathrm{C}\mathrm{Y}\iota\iota \mathrm{C}|01’\cdot i\mathrm{c}\cdot 11\epsilon \mathrm{t}\mathrm{l}111$ ) $]_{0}.\mathrm{y}$ the
variant of tlle argulnent of $\mathrm{t}$he $\mathrm{p}\mathrm{e}\mathrm{r}\Gamma \mathrm{t}$) $11^{-\mathrm{N}\mathrm{g}}\mathrm{a}\iota \mathrm{l}\mathrm{n}\mathrm{l}\mathrm{o}$ criterion to the uniqueness on $\mathrm{t}11‘$ ) $\mathrm{o}\mathrm{r}(\mathrm{l}\mathrm{i}\mathrm{n}‘ \mathrm{a}1\}^{r}$
differential inequality, it is required tbe $\mathrm{c}\cdot 01\mathrm{l}\mathrm{t}\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{i}\mathrm{t}\mathrm{y}$ for the solution $\mathrm{i}\iota 1L^{\mathit{2}}‘$ . $\mathrm{A}1]_{\{)\mathrm{W}}\mathrm{i}_{1\mathrm{l}}\mathrm{g}$ this
extra regularity. it is also possible to see $\mathrm{t}1_{1)}$‘ weaker regularity $\mathfrak{M}_{\tau}\mathrm{b}^{\urcorner}1111\mathrm{I}^{\mathrm{t}}$) $\mathrm{i}\mathrm{o}\mathrm{n}$ like in [34] in
terms of a generalization of the Besov $\mathrm{s}_{1^{)8}}c\mathrm{e}\mathrm{k}\zeta^{\backslash },$ $(\mathrm{c}\cdot.\mathrm{f}. [25])$ .
4. CRITICAL SOBOLEV INEQUALITY
It is well known that the critical case of the Sobolev imbedding $\mathrm{t}1_{1\mathrm{e}}\mathrm{o}\mathrm{r}\mathrm{e}\ln$ is involving t,he
certain kind of special feature when the relation between the integrabilit.$\backslash ^{r}$ exponent $p$ and
$\mathrm{r}\mathrm{e}\mathrm{g}_{\mathrm{U}18}\iota\cdot \mathrm{i}\mathrm{f}_{\mathrm{V}}s$ satisfies $\backslash \mathrm{s}$. $=n/p$ . For example. when $n=2,$ $W^{1.\mathit{2}}‘(\mathbb{R}^{\mathit{2}}‘)$ can not be embedded
into $L^{\infty}$ .
Here we give some generalization of $\mathrm{t}1_{1}\epsilon$) log‘a$\mathrm{r}\mathrm{i}\mathrm{t}\mathrm{h}\Pi \mathrm{l}\mathrm{i}\mathrm{c}$. Sobolev inequality originally due
to Brezis-Gallouet [4], $\mathrm{B}\mathrm{r}\mathrm{e}\mathrm{z}\mathrm{i}_{\mathrm{S}}-\mathrm{w}_{\mathrm{a}\mathrm{i}\mathrm{D}}.\mathrm{b}’ e\mathrm{r}[_{\backslash \mathrm{J}}\ulcorner]\mathrm{a}\mathrm{n}\mathrm{o}1\mathrm{B}\mathrm{e}\mathrm{a}\mathrm{l}\mathrm{e}- \mathrm{K}8\mathrm{t}\mathrm{o}- \mathrm{L}\mathrm{I}\mathrm{a}.|\mathrm{d}\mathrm{a}[2]$ (see for solllc gener-
alization [11], [30], [26], [19], [17] $)$ .
Theorem 4.1 ([17]). For any $\mathit{1}^{y},$ $j^{yq},$ , $l\text{ }\in[1, \infty]$ . $\uparrow_{1},$ $r_{2}$‘ , $\sigma_{1},$ $\sigma_{2}\in[1, \infty)$ , | $\leq 111\mathrm{i}11(\rho, \sigma_{1}.\sigma 2)$ ,
$1/q=1/p-.\sigma^{\backslash }/7’$ . $1/7^{\cdot}1-s_{1}/7\mathrm{i}<1/q<\rfloor/\prime_{2}-s_{\mathit{2}}‘/7l,$ $th_{C7}\cdot\zeta$) $e\alpha?sf_{\text{ }}.\mathrm{S}$ a $CO7\prime s\dagger a\gamma\prime tc\{\{|hj_{(}\cdot hj_{9}$,
$\mathrm{o}nlr_{J}$ depe7’ $d\uparrow?\mathit{1}.q$ ($7m$ . $p$ and $qs\mathrm{s}\iota chthot$ for $f\in\dot{B}_{t1\cdot\sigma 1}^{s_{\rfloor}}.\cap\dot{B}_{\uparrow \mathit{2},2}^{s_{\mathit{2}}}.\sigma’ u$)$eha$ { $)\mathrm{e}^{j}$ For , $\eta J’(’ l\prime 0?\prime e$
(4.]) $||.f.||_{\mathrm{f}J}q. \iota\prime 0\leq c_{\text{ }}||f||\prime \mathit{3}_{\grave{p}.\rho}(1+(\frac{1}{t\backslash }$. $\log^{+’))}\frac{||f||_{B_{\mathrm{r}_{1\iota}^{\mathrm{J}}}^{b}},\sigma+||f||B_{2^{\sigma_{2}}}\backslash 2}{||f||_{\dot{B}_{p_{\backslash }}^{6}}\rho}.,1//)^{J}-\mathrm{l}/\prime \text{ ^{}J}$ ,
where $t\mathrm{i}=1\mathrm{n}\mathrm{i}\mathrm{l}1(n(1/q-1/r_{1})+s_{\rfloor}, ?’(1/r_{2}-1/q)-S_{2})$ .
The above inequality is a sort of the interpolation inequality for functions in the Besov
space. In fact the enubedding
$\dot{B}_{q.\iota \text{ }^{}0}\subset\dot{B}s_{1}\iota.\mathrm{n}\dot{B}^{\mathrm{s}_{2}}\Gamma\sigma_{1}\Gamma,\sigma_{2}2$
is well known. The advantage of the $\mathrm{a}\mathrm{I}\mathrm{J}\mathrm{o}\mathrm{v}\mathrm{e}$ inequality is at the $1o\mathrm{g}\mathrm{a}\mathrm{r}\mathrm{i}\mathrm{t}\mathrm{h}_{\ln}\mathrm{i}\mathrm{c}$ order flonl
the higher order norlns. If $l\text{ }<()$ , then the inequality always holds without the extra
$\mathrm{l}\mathrm{o}\mathrm{g}\mathrm{a}\mathrm{r}\mathrm{i}\mathrm{t}\mathrm{h}\mathrm{n}\mathrm{l}\mathrm{i}_{\mathrm{C}}$ term. To compensat $e$ tllt’ deficiency for the second $\mathrm{s}\mathrm{u}\mathrm{l}\Pi \mathrm{l}\mathrm{n}\mathrm{a}\mathrm{b}\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{t}\backslash \Gamma$ exponent l
to $\rho$ , we $1\mathrm{l}\mathrm{e}^{\backslash }\mathrm{c}\mathrm{d}$ a higher regularity of order given $\mathrm{b}.,\mathrm{v}$ the logarithim. $\mathrm{T}11(^{1}$ extra regularity
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$f\in\dot{B}^{\mathrm{L}},9.\mathrm{l}\iota\cdot\sigma 1$ is devoted for the regularity of $J^{\cdot}$ around the low frequency and $f\in\dot{B}_{r_{1}^{1},\sigma_{1}}^{S}$ for
high frequency. The proof follows belows shows
(4.2) $||.f \cdot||_{B_{\eta}^{0}},\text{ }\leq C||f||B_{p}^{s},\rho(1+(\frac{1}{t\mathrm{i}}\mathrm{l}\mathrm{o}\mathrm{g}.\frac{||\psi)*f||_{B_{r_{1}^{1}\sigma_{1}}}S+||(1-\uparrow l^{))}*f||_{B}r\Phi,\sigma s_{2\sim}2}{||f||_{B_{p}^{s}},\rho}-\vdash)1/\rho-\mathrm{l}J/l\text{ ^{}\prime})$ .
This is a generalization to $\mathrm{t}1_{1}\mathrm{e}$ known logarithmic inequalities in [4], [5], [2], [30] and [18]
mentioned above (see more detailed discussions [17]).
$\Gamma \mathrm{t}1^{\urcorner}\dashv,\mathrm{M}\mathrm{A}\mathrm{l}\mathrm{l}\mathrm{K}$ We may also have by the different choice of $N$ that
(4.3) $||f||_{B_{q}}0_{\text{ }},\leq C\{1+||f||_{B_{\hat{p}.\rho}}(\prime \mathrm{i}|1_{\mathrm{t}})\mathrm{g}(+||f|_{B_{r_{1^{\sigma}\iota}}^{S}}\underline{1}1,+||f||_{B^{\beta}}r12,\sigma_{2})\mathrm{I}^{\mathrm{l}//\nu’}/J’-1\}$
under $\mathrm{t}$he same conditions.
5. PROOFI OF THE UNIQUENESS
Proof of Theorem 2.1 Set $w=\tau\iota-\tilde{v}$ . We note that $\mathrm{t}L^{1}\in L^{\infty}([0, \tau];L_{\sigma}^{2}\cap\dot{H}_{\sigma}^{1})\cap$
$L^{2}([0.T];\dot{H}_{\sigma}^{1})$ . Since $w$ satisfies
(5.1) $\{$
$(J_{\iota?}\mathit{1}\}+\triangle w-w\cdot\nabla w+w\cdot\nabla u+u\cdot\nabla w+\nabla(p-q)=0_{\mathrm{t}}$ $t>0,$ $x\in \mathbb{R}^{n}$ ,
$\mathrm{d}\mathrm{i}\mathrm{v}w=0$ . $t>0,$ $x\in \mathbb{R}^{n}$ ,
$\iota\{)(t, ())=0$ ,
in the $\mathrm{s}_{}\mathrm{e}\iota \mathrm{l}\mathrm{s}$($\}$ of distribution, we have $\mathrm{t}1\iota\epsilon^{1}$ following weak form
(5.2) $\frac{cl}{dt}||\iota v(t)||‘ 2\mathit{2}+2||\nabla w||_{2}2=(u)\cdot\nabla?\iota.w)$ .
This process is in fact justified by the following argument.
Under $t$ he $\mathbb{A}\mathrm{S}\mathrm{S}\mathrm{u}\mathrm{n}\mathrm{l}\mathrm{P}^{\mathrm{t}}\mathrm{i}\mathrm{o}\Pi\omega=$ rot ii $\in L1o\mathrm{g}L([\mathrm{o}, T];\dot{B}_{p}s,)\rho$ ’ it is possible to show that $u$
belongs to $C^{\mathrm{J}}((0, T];Hs)$ for any $s>(),$ $\mathrm{i}.e,$ $n$ is slnooth except $t=0$ , and llencG satisfies
the energy $\mathrm{e}\mathrm{q}_{\mathrm{l}\mathrm{a}1}\mathrm{i}\mathrm{t}.\mathrm{y}$ :
(5.3) $||u(t)||^{2}$“ 2+2./().\ell||\nabla?;(\mathcal{T})||_{2}^{2}d\tau=||u_{0}||_{2}2$ ,
(see Kozono-Taniuchi [18] and Kozono-()gawa-Taniuchi [17]).
We note $\mathrm{t}$hat the energy equality guarantees strong continuity of $u(t)$ for $t$ in $L^{2}$ on
$[(), T]$ . On tlxe other hand, by assumption, $\mathrm{t}l\sim$ satisfies the energy inequality:
(5.4) $|| \tilde{u}(t)||_{2}^{2}+2.\int 0t||\nabla\tilde{u}(\mathcal{T})||_{2}2d\tau\leq||u_{0}||^{2}2$.
Hellcc xve have the energy $\mathrm{i}\mathrm{n}\mathrm{e}(1^{\mathfrak{U}\mathrm{a}}1\mathrm{i}\mathrm{t}\mathrm{y}$ for $t$ he difference $w(t)$ ;
(5.5) $||_{\mathrm{t}l}’(t)||^{2}2^{+2} \int_{0}^{t}||\nabla\tau l’(_{\mathcal{T})1}|_{\mathit{2}}‘ 2(f\mathcal{T}\leq 2J_{0}^{\cdot}t?|(_{1}v\cdot\nabla \mathrm{c}\iota,\mathit{0})|(i\mathcal{T}$
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Now we decompose the smoother solution $?l$ into the three parts in the phase variables
Sllch as
(5.6)
$u(x)=^{\psi()} \prime J-N*ux+\sum_{||j\leq\lrcorner \mathrm{V}}\phi_{j^{*}}u(x)+\sum_{?>N}\phi_{j}*u(x)$
$=u_{l}(x)+u_{m}(x)+v_{l}’(x)$
Then $\mathrm{t}\mathrm{J}_{v}\mathrm{V}$ the Hausdorff-Young inequality, the 1$o\mathrm{w}\mathrm{f}\mathrm{r}\mathrm{e}(1\mathrm{l}\mathrm{e}\mathrm{n}\mathrm{C}.\mathrm{v}$ part is estimated as
$|(w\cdot\nabla u_{l}, u’)|=|(v’\cdot\nabla w, u_{l})|$
(5.7) $\leq||\iota_{-}’ N^{*\nabla}(w\otimes w)||_{2}||v||_{2}$
$\leq c,2^{-N}(71+‘ \mathit{2})/2||u1||‘\frac{‘)}{2}||u||2$
The second term giving a core part of $\mathrm{t}1_{1}\mathrm{e}$ solutions. can be [ $)0\iota \mathrm{l}\mathrm{n}\mathrm{c}\mathrm{l}|).\mathrm{V}t1_{1}\mathrm{e}$ logaritfunic
Sobolev inequality that for small $\in>0$ and $s=n/p$ with $s+=s+\epsilon \mathrm{i}\mathrm{a}\mathrm{n}(1S-=\mathrm{t}‘,$ $-\mathrm{c}\wedge$ .
$|(ll’\cdot\nabla_{l}’/wm’)|\leq||w||_{2}^{2}||\nabla u_{\gamma}|n|_{B^{0}\infty}.1$




. While $t$ he last tern] is
simply estinlat $(^{)}\mathrm{c}1$ by the Hausdorff-Young inequality tbat
$|(u’\cdot\nabla u_{h}, uf)|=|(w\cdot\nabla w, u_{h})|$
$\leq||w||_{2}||\nabla u)||2||(-\triangle)-1\mathrm{o}\mathrm{r}\mathrm{t}\mathcal{F}-1(1-\phi_{\mathit{1}\mathrm{v}})*\sum(_{\mathit{1}/})\cdot*1^{\cdot}\{\rangle \mathrm{t}f?J)||_{\infty}$
(5.9) $j>\mathrm{V}$
$\leq||w||_{2}||\nabla u)||_{2}||(-\triangle)-1\nabla \mathcal{F}-1(1-\tau/)N\wedge)||_{B}-h||\mathrm{r}\mathrm{o}p^{\prime_{\rho}}\prime \mathrm{t}ll||_{B_{p(}^{S}}$ ,
$\leq C,2^{-}N||u’||_{2}||\nabla w||2||\mathrm{r}\mathrm{o}\mathrm{t}u||\dot{B}^{s}p,\rho$
Gathering the estimates $(5.7)-$ ( $5^{(\mathrm{J}}.\mathrm{I}$ witll (5.6) and choosing $N$ properly large $\mathrm{s}\mathrm{a}\mathrm{f}\mathrm{i}"’\backslash \mathrm{f}.\mathrm{v}\mathrm{i}\mathrm{n}\ltimes$)
$2^{-\wedge^{r}/}2||l||‘ \mathit{2}\leq 1,2^{-N}||\mathrm{r}\mathrm{o}\mathrm{t}?\iota||_{B_{p.\rho}}S\simeq 1$ . we see that
(5.10) $|(w\cdot\nabla u, w)|\leq C||w||_{2}^{2}(1+||\mathrm{r}\mathrm{o}\mathrm{t}u||B_{p}^{s},\rho(1+(\log^{+}||\mathrm{r}\mathrm{o}\mathrm{t}\uparrow \mathit{4}||_{B_{p}, \mathrm{I})}s\rho 1/\beta’+\downarrow|\nabla \mathrm{t}l)||_{2}^{2}$
Hence we obtain from (5.5) and (5.10) that
(5.11)




(5.12) $||m(t)||_{2}^{\mathit{2}}‘ \leq C\int_{0}^{t}\{||u\}(\mathcal{T})||_{2}^{2}(1+||\mathrm{r}\mathrm{o}\mathrm{t}u(\tau)||_{B_{p,\rho}^{S}}(1+(\log^{+}||\mathrm{r}\mathrm{o}\mathrm{f}u(\tau)||B_{p}s,p)^{1/\rho’})\}d\mathcal{T}$
Now $\mathrm{t}$he $\mathrm{C}_{\mathrm{T}}\mathrm{r}\mathrm{o}11\mathrm{w}\mathrm{a}\mathrm{l}1$ argument gives
(5.13) $||\mathrm{t}^{1}(f)||_{2}^{2}\leq C||\uparrow v(0)||_{\mathit{2}}^{2}$“ $\exp(\int_{0}^{b}\{(||\mathrm{r}o\mathrm{t}u(\mathcal{T})||B^{s},(\mathrm{l}\mathrm{o}p\rho \mathrm{g}^{+}||\mathrm{r}\mathrm{o}tu(\tau)||_{B_{p}^{\theta}},)1/\rho^{l})\rho\}d\tau)$
The righl band side is $()$ under the condition rot $u\in L(\log L)^{1}/\rho’([0, T];\dot{B}_{\mathrm{P}\cdot\rho}^{s})$ .
$\square$
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